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�.Úó �. ü�56/�mål ü�56/�m�Y�

:�²¡�ål

3n�î¼�mR3¥,�²¡����§:

Π : Ax + By + Cz + D = 0,

KM(x1, y1, z1)�²¡Π�ålde��g5y�x:

min (x − x1)2 + (y − y1)2 + (z − z1)2,
st Ax + By + Cz + D = 0.
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:����ål

�������§:

L :
{

A1x + B1y + C1z + D1 = 0,
A2x + B2y + C2z + D2 = 0,

KM(x1, y1, z1)���L�ålde��g5y�x:

min (x − x1)2 + (y − y1)2 + (z − z1)2,
st A1x + B1y + C1z + D1 = 0,

A2x + B2y + C2z + D2 = 0.
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�.Úó �. ü�56/�mål ü�56/�m�Y�

É¡���ål

���L1: {
A1x + B1y + C1z + D1 = 0,
A2x + B2y + C2z + D2 = 0,

��L2: {
A3x + B3y + C3z + D3 = 0,
A4x + B4y + C4z + D4 = 0,

K��L1���L2�m�ål�de��g5y�y:

min (x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2,
st A1x1 + B1y1 + C1z1 + D1 = 0,

A2x1 + B2y1 + C2z1 + D2 = 0,
A3x2 + B3y2 + C3z2 + D3 = 0,
A4x2 + B4y2 + C4z2 + D4 = 0.
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���²¡�Y�

���L�§� {
A1x + B1y + C1z + D1 = 0,
A2x + B2y + C2z + D2 = 0,

²¡Π��§�A3x + B3y + C3z + D3 = 0. KL�Π�Y��de��g5y5�

x:
max xu + yv + wz,

st A1x + B1y + C1z = 0,
A2x + B2y + C2z = 0,
x2 + y2 + z2 = 1,
A3u + B3v + C3w = 0,
u2 + v2 + w2 = 1.
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�56/

� Y´�þ�m V���f8,XJ Y¥?¿ü��þ α1, α2¤(½���

L = {k1α1 + k2α2|k1 + k2 = 1, k1, k2 ∈ K}Ñ¹u YS,Ò¡ Y´ V¥��56/.

ê� Kþ n��þ�m V¥��56/ Y�½äk±e/ª:

Y = α0 + W = {α0 + η|η ∈ W},

Ù¥ α0´ Y¥?¿�½��þ, W´ V����5f�m,§� Y��(½,

W¡� Y���f�m, Y¡�W.�56/. dimW�½Â� Y��ê.

~1XJê� Kþ� n��àg�5�§| AX = b (Ù¥ A´ m × n
, b´

m���þ)k),K§�¤k)|¤�8Ü´��W.��56/ γ0 + W,Ù

¥ γ0´T�àg�5�§|���A), W´Ù�Ñ| AX = 0�)�m.
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¯KJÑ

¯Kµ

(1)ü�56/�mUÄ½ÂålºXJ½Â
ål,XÛO�º

(2)ü�56/�mUÄ½ÂY�ºXJ½Â
Y�,XÛO�º
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ü�56/�mål�½Â

½Â1�¢ê�Rþ�n�î¼�mRn¥�ü��56/

P1 = α1 + W1, P2 = α2 + W2,K P1,P2�m�ål½Â�:

d(P1,P2) = min
β1∈P1 , β2∈P2

‖ β1 − β2 ‖,Ù¥ ‖ β1 − β2 ‖= [(β1 − β2, β1 − β2)]
1
2 .

5µeP1 ∩ P2 , ∅,Kd(P1,P2) = 0.

Ï��56/�½´48,�éu?¿β1 ∈ P1, β2 ∈ P2,Ñk‖ β1 − β2 ‖≥ 0,¤

±7�3α ∈ P1, β ∈ P2,¦�d(P1,P2) =‖ α − β ‖.

½Â2�P1 = α1 + W1, P2 = α2 + W2,Ù¥α1, α2 ∈ R
n, W1,W2Ñ´R

n�f�

m,�P1 ∩ P2 = ∅, dimW1 > 0, dimW2 > 0. e�3β1 ∈ P1, β2 ∈ P2¦

�L = β1 + L0 = β2 + L0�L0 ⊥ W1, L0 ⊥ W2,K¡L´�56/P1ÚP2�úR�

56/.
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�.Úó �. ü�56/�mål ü�56/�m�Y�

ü�56/�mål��'(Ø

·K1�A1´¢ m1 × nÝ
, A2´¢ m2 × nÝ
, b1, b2©O´ m1,m2�¢�

�þ. -M1 = {x|A1x = b1} , ∅, M2 = {y|A2y = b2} , ∅,�M1 ∩M2 = ∅,

d(M1,M2)´M1�M2�m�ål, x̄ ∈ M1, ȳ ∈ M2. e ‖ x̄ − ȳ ‖= d(M1,M2),K

x̄ − ȳ ⊥ M1 − x̄, x̄ − ȳ ⊥ M2 − ȳ. ��,e x̄ − ȳ ⊥ M1 − x̄, x̄ − ȳ ⊥ M2 − ȳ,K

‖ x̄ − ȳ ‖= d(M1,M2).

3AÛ�m¥,L��l	�:k���^��R�ul,��/,·�k

·K2�M´Rn����56/,�M , Rn, α ∈ Rn \M,K�3�����

¹α����56/N¦�N ⊥ M.
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�.Úó �. ü�56/�mål ü�56/�m�Y�

ü�56/�mål�¦{

~2-

A =

(
−1 −1 0 −2 −1

1 1 −1 0 1

)
, b =

(
1
2

)
,

KM = {x = (x1, x2, x3, x4, x5)T |Ax = b} = {β0 + k1β1 + k2β2 + k3β3|k1, k2, k3 ∈ R},Ù

¥β0 = (−1, 0,−3, 0, 0)T , β1 = (−1, 1, 0, 0, 0)T , β2 = (−2, 0,−2, 1, 0)T , β3 =

(−1, 0, 0, 0, 1)T . -α = (1, 1, 1, 1, 1)T ,Kα < M.
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ü�56/�mål�¦{

�Äe��5�§| x1(β1, β1) + x2(β2, β1) + x3(β3, β1) = (α − β0, β1)
x1(β1, β2) + x2(β2, β2) + x3(β3, β2) = (α − β0, β2)
x1(β1, β3) + x2(β2, β3) + x3(β3, β3) = (α − β0, β3)

=  2x1 + 2x2 + x3 = −1
2x1 + 9x2 + 2x3 = −11
x1 + 2x2 + 2x3 = −1

)�x1 = 13
19 , x2 = − 29

19 , x3 = 13
19 .

Kγ = β0 + 13
19β1 −

29
19β2 + 13

19β3 = ( 13
19 ,

13
19 ,−

1
19 −

29
19

13
19 )T . l

γ − α = (− 6
19 ,−

6
19 ,−

18
19 ,−

48
19 ,−

6
19 )T . Ïd�¹α�R�uM����561

�L = α + {k(γ − α)|k ∈ R}, α�M�ål�‖ γ − α ‖= 12
19

√
19.
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ü�56/�mål�~

~3�

A1 =

(
0 0 0 1 1
0 0 1 1 0

)
, b1 =

(
1
1

)
,

A2 =

(
1 1 1 3 2
1 1 2 5 3

)
, b2 =

(
1
1

)
.

�¦�A1x = b1�)8M1 = {ξ0 + x1ξ1 + x2ξ2 + x3ξ3|x1, x2, x3 ∈ R},Ù¥

ξ0 =


0
0
0
1
0

 , ξ1 =


1
0
0
0
0

 , ξ2 =


0
1
0
0
0

 , ξ3 =


0
0
1
−1

1

 .
A2x = b2�)8M2 = {η0 + y1η1 + y2η2 + y3η3|y1, y2, y3 ∈ R},Ù¥

η0 =


1
0
0
0
0

 , η1 =


1
−1

0
0
0

 , η2 =


−1

0
−2

1
0

 , η3 =


−1

0
−1

0
1

 .
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�.Úó �. ü�56/�mål ü�56/�m�Y�

ü�56/�mål�~

¦)�5�§|:

x1ξ
T
1 ξ1 + x2ξ

T
2 ξ1 + x3ξ

T
3 ξ1 − y1η

T
1 ξ1 − y2η

T
2 ξ1 − y3η

T
3 ξ1 = (η0 − ξ0)Tξ1

x1ξ
T
1 ξ2 + x2ξ

T
2 ξ2 + x3ξ

T
3 ξ2 − y1η

T
1 ξ2 − y2η

T
2 ξ2 − y3η

T
3 ξ2 = (η0 − ξ0)Tξ2

x1ξ
T
1 ξ3 + x2ξ

T
2 ξ3 + x3ξ

T
3 ξ3 − y1η

T
1 ξ3 − y2η

T
2 ξ3 − y3η

T
3 ξ3 = (η0 − ξ0)Tξ3

x1ξ
T
1 η1 + x2ξ

T
2 η1 + x3ξ

T
3 η1 − y1η

T
1η1 − y2η

T
2η1 − y3η

T
3η1 = (η0 − ξ0)Tη1

x1ξ
T
1 η2 + x2ξ

T
2 η2 + x3ξ

T
3 η2 − y1η

T
1η2 − y2η

T
2η2 − y3η

T
3η2 = (η0 − ξ0)Tη2

x1ξ
T
1 η3 + x2ξ

T
2 η3 + x3ξ

T
3 η3 − y1η

T
1η3 − y2η

T
2η3 − y3η

T
3η3 = (η0 − ξ0)Tη3

(1)

=¦)�5�§|: 
1 0 0 −1 1 1
0 1 0 1 0 0
0 0 3 0 3 0
−1 1 0 2 −1 −1

1 0 3 −1 6 3
1 0 0 −1 3 3




x1
x2
x3
y1
y2
y3

 =


1
0
1
−1

2
1

 (2)
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ü�56/�mål�~

)(2)���): 
x1 = 1 + y1
x2 = y1
x3 = 1

3 + y3
y2 = −y3

Ù¥y1, y3�gd��þ.

-x∗(k, l) = ξ0 + (1 + k)ξ1 + kξ2 + ( 1
3 + l)ξ3, y∗(k, l) = η0 + kη1 − lη2 + lη3,Ù

¥k, l ∈ R. Kd(M1,M2) =‖ x∗ − y∗ ‖=
√

6
3 .

¦�A1�1�m�A2�1�m���m���Ä�γ = (0, 0, 1, 2, 1)T .

-L0 = {aγ|a ∈ R},KL(k, l) = x∗(k, l) + L0 = y∗(k, l) + L0´M1�M2�úR6/,Ù

¥k, l ∈ R.

Ü�B4ï���ÆêOÆ� p��ê�AÛ�µ
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ü�56/�mY��½Â

½Â3�W1, W2´ê�Kþ�î¼�mKn��²�f�m,-

L1 = {α|0 , α ∈ W1, α ⊥ W1 ∩W2}, L2 = {α|0 , α ∈ W2, α ⊥ W1 ∩W2},

KW1�W2�mY�½Â�θ = arccos max
α∈L1 ,β∈L2

αTβ
√
αTα
√
βTβ
.

51eW1 ⊆ W2½W1 ⊇ W2,KW1�W2�mY��θ = 0.

52eW1 ∩W2 = {0},KW1�W2�mY��θ = arccos max
0,α∈W1 ,0,β∈W2

αTβ
√
αTα
√
βTβ
.

½Â4�M1 = α1 + W1, M2 = α2 + W2´Kn�ü��56/,Ù¥α1, α2 ∈ Kn,

W1, W2´Kn�ü��²�f�m. M1�M2�m�Y�´�§����f�

mW1�W2�m�Y�.

53e�56/M1 = α1 + W1� M2 = α2 + W2²1,=W1 ⊆ W2½W1 ⊇ W2,

KM1�M2�mY��θ = 0.
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�.Úó �. ü�56/�mål ü�56/�m�Y�

ü�56/�mY��½Â

�A1ÚA2©O´m1 × nÚm2 × nÝ
, b1Úb2©O´m1Úm2���þ,

�rankA1 = rank(A1|b1) < n, rankA2 = rank(A2|b2) < n.

KW1 = {x|A1x = 0} , 0, W2 = {x|A2x = 0} , 0. �α1´A1x = b1���A),

α2´A2x = b2���A),

KM1 = {x|A1x = b1} = α1 + W1, M2 = {x|A2x = b2} = α2 + W2. �M1�M2�Y�Ò

´��f�mW1�W2�Y�.

eW1 ∩W2 = 0,KW1�W2�Y��de��g5y�x:

max xT u
st A1x = 0

A2u = 0
xT x − 1 = 0
uT u − 1 = 0

(3)
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�.Úó �. ü�56/�mål ü�56/�m�Y�

ü�56/�mY��½Â

�α1, α2, · · · , αs1´W1���Ä, β1, β2, · · · , βs2´W2���Ä,K�g5

y(1)�due��g5y:

max
s1∑

i=1

s2∑
j=1
αT

i βjuivj

st
s1∑

i=1

s1∑
j=1
αT

i αjuiuj − 1 = 0
s2∑

i=1

s2∑
j=1
βT

i βjvivj − 1 = 0

(4)
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ü�56/�mY��½Â

eW1 ∩W2 , 0,�γ1, γ2, · · · , γr´W1 ∩W2���Ä,

γ1, γ2, · · · , γr, α1, α2, · · · , αs1−r´W1�Ä, γ1, γ2, · · · , γr, β1, β2, · · · , βs2−r´W2�Ä.

d½Â, W1�W2�Y�Ò´Ïé��ü �þα ∈ L(α1, α2, · · · , αs1−r)Ú,��

ü �þβ ∈ L(β1, β2, · · · , βs2−r)¦�α ⊥ W1 ∩W2, β ⊥ W1 ∩W2�(α, β)���,

=W1�W2�Y��de��g5y�x:

max
s1−r∑
i=1

s2−r∑
j=1

αT
i βjuivj

st
s1−r∑
i=1

s1−r∑
j=1

αT
i αjuiuj − 1 = 0

s2−r∑
i=1

s2−r∑
j=1

βT
i βjvivj − 1 = 0

s1−r∑
i=1

γT
k αiui = 0, k = 1, 2, · · · , r

s2−r∑
i=1

γT
l βivi = 0, l = 1, 2, · · · , r

(5)
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ü�56/�mY��½Â

Ï��g5y(3), (4)Ú(5)��1�Ñ´k.48,�§��8I¼êÑ´õ

�ª¼ê,¤±�g5y(3), (4)Ú(5)7k�`). Ïdü��²�f�m7kY

�.
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�.Úó �. ü�56/�mål ü�56/�m�Y�

ü�56/�mY���~

~4-

A =


0 1 1 0 1
0 0 1 0 0
1 1 0 1 0
0 0 1 1 0
1 2 3 2 1

 , b =


1
0
1
1
0

 , x =


x1
x2
x3
x4
x5

 ,
K�5�§|Ax = bÃ).-

A1 =

 0 1 1 0 1
0 0 1 0 0
1 1 0 1 0

 , b1 =

 1
0
1

 ,A2 =

(
0 0 1 1 0
1 2 3 2 1

)
, b2 =

(
1
0

)
.

Kkü�Ø����56/M1 = {x|A1x = b1} = {η0 + uη1 + vη2|u, v ∈ R}�M2 =

{x|A2x = b2} = {ξ0 + xξ1 + yξ2 + zξ3|x, y, z ∈ R},Ù¥

η0 =


0
1
0
0
0

 , η1 =


−1

0
0
1
0

 , η2 =


1
−1

0
0
1

 , ξ0 =


−3

0
1
0
0

 , ξ1 =


−2

1
0
0
0

 , ξ2 =


1
0
−1

1
0

 , ξ3 =


−1

0
0
0
1

 .
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�.Úó �. ü�56/�mål ü�56/�m�Y�

ü�56/�mY���~

-W1 = {uη1 + vη2|u, v ∈ R}, W2 = {xξ1 + yξ2 + zξ3|x, y, z ∈ R},

KM1 = η0 + W1, M2 = ξ0 + W2,�W1 ∩W2 = {aη2|a ∈ R}.

�α = xξ1 + yξ2 + zξ3 = (−2x + y − z, x,−y, y, z)T ∈ W1,

β = uη1 + vη2 = (−u + v,−v, 0, u, v)T ∈ W2.

K(α, β) = 2xu + zu − 3xv + yv, (β, β) = 2u2 − 2uv + 3v2,

(α, α) = 5x2 − 4xy + 3y2 + 4xz − 2yz + 2z2, (α, η2) = −3x + y, (β, η2) = −u + 3v.�k

e��g5y¯K:

max 2xu + zu − 3xv + yv
st 2u2 − 2uv + 3v2 − 1 = 0

5x2 − 4xy + 3y2 + 4xz − 2yz + 2z2 − 1 = 0
−3x + y = 0
−u + 3v = 0

(6)

Ü�B4ï���ÆêOÆ� p��ê�AÛ�µ
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ü�56/�mY���~

dKKT^��e��§|

−10xr + 4yr − 4zr − 2u + 3v + 3s = 0
4xr − 6yr + 2zr − v − s = 0
−4xr + 2yr − 4zr − u = 0
−4uw + 2vw − 2x − z + t = 0
2uw − 6vw + 3x − y − 3t = 0
2u2 − 2uv + 3v2 − 1 = 0
5x2 − 4xy + 3y2 + 4xz − 2yz + 2z2 − 1 = 0
−3x + y = 0
−u + 3v = 0

(7)
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�.Úó �. ü�56/�mål ü�56/�m�Y�

ü�56/�mY���~

|^�êXÚ^�CoCoA 4.7.43õ�ª�Q[x, y, z, u, v,w, r, s, t]þO���n

�
I = < −10xr + 4yr − 4zr − 2u + 3v + 3s,

4xr − 6yr + 2zr − v − s,
−4xr + 2yr − 4zr − u,
−4uw + 2vw − 2x − z + t,
2uw − 6vw + 3x − y − 3t,
2u2 − 2uv + 3v2 − 1,
5x2 − 4xy + 3y2 + 4xz − 2yz + 2z2 − 1,
−3x + y,−u + 3v >

�GröbnerÄ�

{s, t, v2−
1
15
, zv+

11
24

r, r2−
8

65
, vr+

8
55

z, y−
15
22

z, z2−
121
312

,w−r, u−3v, x−
5
22

z, zr+
11
13

v}.
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�.Úó �. ü�56/�mål ü�56/�m�Y�

ü�56/�mY���~

K�§|(7)�due��§|: 

s = 0
t = 0
v2 − 1

15 = 0
zv + 11

24 r = 0
r2 − 8

65 = 0
vr + 8

55 z = 0
y − 15

22 z = 0
z2 − 121

312 = 0
w − r = 0
u − 3v = 0
x − 5

22 z = 0
zr + 11

13 v = 0

(8)

¦)�§|(8),�)(x, y, z, u, v,w, r, s, t) = ( 5
22 z, 15

22 z, z, 3v, v, r, r, 0, 0),K�g5

y(6)�8I¼ê�� 48
11 zv. d�,

α = (− 17
22 z, 5

22 z,− 15
22 z, 15

22 z, z)T , β = (−2v,−v, 0, 3v, v)T ,Ù¥z = ± 11
2
√

78
, v = ± 1

√
15
,

r = ± 4
√
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